Abstract. This paper deals with the existence of solutions to impulsive partial hyperbolic differential equations with finite delay, involving the Caputo fractional derivative. Our results will be obtained using Krasnoselskii fixed point theorem.
Introduction.
Fractional order models are found to be more adequate than integer order models in some real world problems. In fact, fractional derivatives provide an excellent tool for the description of memory and hereditary properties of various materials and processes; see the books by Baleanu et al. [3] , Hilfer [7] , Tarasov [12] , and the references therein. Recent developments on fractional differential equations from theoretical point of view are given in the books by Abbas et al. [1, 2] , and Lakshmikantham et al. [10] , and the references therein.
The theory of impulsive differential equations have become important in some mathematical models of real processes and phenomena studied in physics, chemical technology, population dynamics, biotechnology and economics. There has been a significant development in impulse theory in recent years, especially in the area of impulsive differential equations and inclusions with fixed moments; see the monographs of Abbas et al. [1] , Benchohra et al. [4] , Lakshmikantham et al. [9, 10] , Samoilenko and Perestyuk [11] , and the references therein.
In this paper, we study the existence of solutions for the following impulsive partial hyperbolic differential equations:
This paper is organized as follows. In Section 2, we introduce some preliminary results that will need later. Section 3 will be devoted to our main result. An illustrating example will be presented in Section 4.
Preliminaries.
For further purpose, we collect in this section a few auxiliary results which will be needed in the sequel. 
n : continuous and there exist τ k ∈ (−α, 0) with
This set is a Banach space with the norm
where Γ(.) is the gamma function, is called the left-sided mixed Riemann-Liouville integral of order r.
, the Caputo fractional-order derivative of order r is defined by the expression
In the sequel we will make use of the following generalization of Gronwall's lemma for two independent variables and singular kernel. 
Theorem 2.4 (Burton-Kirk, [5] ) Let X be a Banach space, and A, B : X → X two operators satisfying:
(i) A is completely continuous, and
3. Main Results. In this section, we give our main existence result for problem (1)- (4) .
Consider the Banach space
with the norm u P C = sup
tx exists on J k ; k = 0, 1, . . . , m is said to be a solution of (1)- (4) if u satisfies the condition (3) onJ, the equation (1) on J k and conditions (2), (4) are satisfied on J. 
if and only if u is a solution of the fractional initial value problem
Our result is based upon the fixed point theorem due to Burton and Kirk. Let us introduce the following hypotheses which are assumed to hold in the sequel.
(H1) The functions
(H3) There exists l > 0 such that Proof. We shall reduce the existence of solutions of (1)- (4) to a fixed point problem.
Consider the operator N : Ω −→ Ω defined by
Consider the operators F, G : Ω → Ω defined by,
and
Then the problem of finding the solution of the IV P (1)- (3) is reduced to finding the solutions of the operator equation
We shall show that the operators F and G satisfy the conditions of Theorem 2.4. The proof will be given by several steps.
Step 1: G is continuous.
Since f is a continuous function, we have
Thus G is continuous.
Step 2: G maps bounded sets into bounded sets in C. Indeed, it is enough show that for any η * , there exists a positive constant l such that, for each u
Hence G(u) P C l * .
Step 3: G maps bounded sets into equicontinuous sets in C.
Step 2, let u ∈ B η * be a bounded set of C as in Step 2. Then
As µ 1 → µ 2 , x 1 → x 2 the right-hand side of the above inequality tends to zero. As a consequence of Steps 1 to 3, together with the Arzela-Ascoli theorem, we can conclude that G : P C → P C is continuous and completely continuous.
Step 4: F is a contraction. Let u, v ∈ C, then we have for each (t, x) ∈ J 
